A Regular Indirect Boundary Element formulation is developed following a weighted residual approach. In this formulation, the fictitious source density, which appears in the integral equations of the method, is distributed on a surface which is exteriorly separated from the physical field boundary of the problem. This approach does not require the evaluation of singular integrals and produces undeteriorated solutions at geometric discontinuities. The formulation is presented here as applied to two dimensional and axisymmetric thermal problems. It includes a different subregioning scheme which treats each subregion, of a multidomain problem, separately, thereby eliminating the need for a sophisticated reduction scheme.
INTRODUCTION
The principal advantages of Boundary Domain Techniques over domain methods such as the Finite Element Method are the reduction in the number of degrees of freedom required to achieve a satisfactory discretization and selective computation of the interior solution.
Like domain methods, there can be different types of Boundary Domain Techniques, the most distinguished of which are the 'Direct' and 'Indirect' Boundary Element Methods. The Direct Boundary Element Method (DBEM) is generally represented as being based on Green's identity and until now has been considered to be more versatile and general than the Indirect Boundary Element Method (IBEM).' The TBEM may be represented as a special case of DBEM. In this method, the integral equations are expressed in terms of a unit singular solution (or source) which satisfies the governing differential equation. This singular solution is distributed at a certain density over the boundary of the domain of the given problem.* The density functions themselves have no physical significance, but once they are obtained from a numerical solution of the integral equations, the values of the solution parameters within the domain can be calculated from them through simple integrations.
In the IBEM, the primary field variables (e.g. temperatures) and their derivatives (fluxes) are indirectly linked. Unlike the DBEM, it only requires the original integral equations to provide the interior flux solution. The DBEM requires further differentiation of their kernel functions. Although the IBEM is attractive owing to its simplicity, it has a serious drawback when used in its conventional form.
On a smooth boundary a valid solution of the integral equations by the indirect formulation can be ~b t a i n e d .~ However, in situations where the boundary has geometric discontinuities (corners), there is no guarantee that the proposed fictitious source density distribution exists. If it does, it is likely to become infinity at the corners and makes modelling in this region very difficult, leading subsequently to errors. This inherent feature of the IBEM has limited its applications, and consequently it has been in the shadow of its direct counterpart (DBEM) in spite of having certain more attractive features.
An alternative approach to the conventional indirect formulation is to relocate the surface of the source distribution at a certain distance outside the physical domain of the problem resulting in a system of Regular Integral equation^.^ It has been shown that the Regular Indirect Boundary Element Method (RIBEM) eliminates the consistent singular behaviour of the source density at the corner^.^ In addition, it also relieves the need to apply the special and careful treatment required for the evaluation of singular integrals in the neighbourhood of the singular point. As such, the regular approach enhances the capability and range of applications of the Indirect Method.
In this paper, the Regular Indirect Boundary Element Method (RIBEM) is presented as applied to two-dimensional and axisymmetric thermal analysis, using subregions. In formulating the subregioning scheme, the fact that the primary field variables and their derivatives in the IBEM are indirectly linked is exploited. This allows the matrix inversion to be performed regionally, making it unnecessary to form the final system matrix, and hence allowing large problems to be solved without the use of a special reduction scheme.
Finally, two steady-state heat conduction problems are analysed using the RIBEM to demonstrate its capabilities. Results are compared with Singular IBEM or finite element solutions.
INDIRECT BEM FORMULATION
For potential problems the governing (Laplace's) equation which is satisfied by the function, u, within the domain R of a given problem is V 2 u = 0 i n f i (1) The boundary conditions for the problem are ( Figure 1 ):
where q=du/an and the total boundary is S = S , + S 2 .
Equation (1) can be transformed into an integral equation for the Direct Boundary Element Method (DBEM) by following a weighted residual approach.6 Introducing a weighting function w which has continuous first derivatives and which satisfies the governing equation (I), the (5) is to be satisfied by w, then ja u(V2w)dQ= -uc and equation (4) becomes (7) If the values of ti and are known for respective parts of the boundary, equation (8) can be written, in general, for the total boundary as
where f = awlan. The weighting function w can be taken as the fundamental solution to the governing Laplace's equation which, for an isotropic case in two dimensions, is given as 
For steady-state heat conduction problems, the field quantities u and q are temperature and flux respectively. In order to formulate the problem as a boundary technique, the point c needs to be taken on the boundary. By bringing this field point onto the surface, equation (1 5) provides the temperature field which is continuous everywhere. Similarly, equation (1 6) is satisfied everywhere except when the source point and the field point coincide. However, equation (16) may be expressed as a Cauchy principal-value integral, and on a smooth boundary where 4' is the value of the source density at point c.
Equations (1 5) and (1 7) forms the basis of numerical modelling in the Conventional (Singular) Indirect Boundary Element Method. However, apart from the requkement of evaluating certain singular integrals, which add to the computer overhead, this approach suffers from one major drawback. In problems where the boundary possesses corners, the source density 4 becomes infinity at some of these locations, leading to serious modelling difficultie~.~ Accordingly, some earlier workers' have approximated the geometry by representing corners by two independent nodes placed slightly away from the actual corner. This approach has the effect of rounding off the corner, thereby approximating the source density to take some finite value. However, it has a disadvantage in that it results in poor solutions at the corners and edges for all problems, irrespective of their field behaviour.
REGULAR INDIRECT BEM
An alternative to the above 'singular' approach is the Regular Indirect Boundary Element Method (RIBEM), in which the source surface is separated from the field boundary and moved outwardly, as shown in Figure 3 . This operation results in the integral equations being regular everywhere. and It has been found that by such treatment the infinite source density behaviour at the corners is eliminated.
Numerical solution
The regular boundary integral equation (equation (18)) itself is a statement of the exact solution to a given problem. However, for most problems, having irregular boundaries, an analytical solution of equation (18) is not possible and a numerical solution has to be sought. Any errors are due therefore to discretization, numerical approximations and subsequent solution of the algebraic equations. The source density ( remains the actual unknown of the system's equations.
If N , collocation or field points are distributed over the field boundary, S,, and the source surface S, is divided into n segments, as shown in Figure 4 , for a collocation point c the integral a ' Field Source boundary surface where AS is a segment of the physical field boundary rpr is the variation of source density over the source segment 'r'
wcr is the fundamental solution relating the collocation point 'c' and the source segment 'r', and its derivatives.
If a quadratic variation is defined for the source ( In the point collocation method of boundary satisfaction, the number of collocation points must be equal to the number of source nodes. At each node, either the temperature or the flux boundary condition is prescribed, leading to a system of algebraic equations from equation (22).
Location of the source sur$ace
It is theoretically possible to locate the sources corresponding to the collocation points at any distance outside the domain in the RIBEM. However, in practice this is not quite possible. It is undesirable to have the sources too near the boundary as the singular nature of the fundamental solutions necessitates special treatment of integration in the neighbourhood of the sources. On the other hand, having the sources too far away from the boundary increases the significance of rounding errors and linear dependency. Therefore, a region is sought between the two extremes which yields a stable solution (Figure 6) .
In the present algorithm for the RIBEM, only the geometry of the physical boundary of the problem (S,) is defined. Each segment of the source surface is then formed from the corresponding segment of S , by shifting the segment along the outward normals to a distance determined by a chosen non-dimensional factor 1. The actual distance R, between the two surfaces is given as
(23) where L, is the length of the local rth element as shown in Figure 7 .
It is obvious that in a situation where two adjacent segments on the field boundary are of different length, the corresponding source segments will be discontinuous. Such modelling is possible, as has been shown by the successful employment of discontinuous elements in the Direct Boundary Element Method.' It is adopted here to maintain a constant R / L ratio throughout the length of the boundary. In addition, apart from the corner segments, adjacent segments are conditioned to share the same value of nodal source density at their nearest nodes. This reduces the number of degrees of freedom. An alternative approach is to maintain the same distance between the two surfaces throughout the boundary. 
Modelling of corners
In most engineering applications the boundaries have geometric discontinuities such as corners. But as mentioned before, this has been the major source of difficulties in the Singular Indirect Boundary Element Method as the behaviour of the source density is such that it tends to infinity at some of these corners. To overcome this problem, the following strategy for the modelling of corners is adopted in the RIBEM.
Field nodes. In order to give 4 a finite value at the corner, the multiple-node concept is adopted for all types of boundary conditions. This means that the field point is taken slightly away from the corner, thus representing it by two nodes, as shown in Figure 8 .
Source nodes.
As the source surface is shifted away from the boundary, the distribution of source density nodes at the corner of this surface is achieved, as shown in Figure 9 . The last nodes of the source segments on each side of the corner subtend an angle /?, where 0 < /? < 4 2 . Although the choice of /? is fairly arbitrary, in the present algorithm it is kept at /? = a/3.
Axisymmetric problems
algorithm then becomes essentially a two-dimensional one.2 Axisymmetric problems may be represented by a cylindrical co-ordinate system (r, 2). The 
The fundamental solution for a three-dimensional problem is given by 1 47cr w=-
The effect due to a ring source acting at radius ro and depth zo (Figure 10 
SUBREGIONING
In the case of problems having large domains and irregular boundaries the use of a single region may have disadvantages. As the system matrix is fully populated it generates a large number of coefficient arrays and the time required to formulate and solve such a system is considerable, and unless an efficient reduction scheme is available there could be a limitation on the problem size.
Moreover, when analysing long and slender structures the resulting system matrix has a high proportion of insignificant, small off-diagonal terms which implies inefficient computation. The effect of subregioning is to remove the slenderness of the structure (Figure 11 ). Additionally, when using the Regular Method, problems arise with concave geometries, resulting in a dense accumulation of the source density nodes on the corresponding source surfaces. The use of subregions effectively remove the concave geometries, as shown in Figure 12 .
Most conventional subregioning schemes resort to assembling the subregional matrices into one final banded matrix.2 However, in the present formulation, a different version of the subregioning scheme is employed which avoids the formulation of a system matrix. Each subregional matrix is inverted and stored immediately after its formulation, thereby eliminating the need to use a reduction scheme. It also means that less computing time is spent on inversions, as the time required to invert n matrices of size N is less than that required to invert a single matrix of size nN.
In the Indirect BEM, the field quantities (temperatures and fluxes) are governed by separate integral equations indirectly linked by the distribution of the source density 6. As the interfacial relations of adjacent subregions are between the field quantities and not the source density, this natural feature of the method can be exploited by formulating and inverting the matrices in each subregion separately. The unknowns at a common interface are obtained by solving a set of where subscripts 1 and 2 correspond to regions 1 and 2 respectively. In a problem with two subregions, for example ( Figure 13 ) there will be n , nodes on the external boundary of region 1 (Sll), n, nodes on the external boundary of region 2 (SZ2), and n,, nodes on the interface of regions 1 and 2 (Sl,).
Rewriting equation (22) The source densities for each subregion can now be obtained using equation (37) . Viewing each of the subregions as a separate problem, the field solution at any point on the boundary or within the subdomains can be computed from its source density distribution using equations (35a) and (35b). The flow chart for this algorithm is presented in Figure 14 .
Substituting equations (40b) and (41b) into equation (42b) gives

Rearranging equation (43) CASE STUDIES
Heat conduction in a Jinite jin
The temperature on the side AD of the fin (Figure 15 ) is maintained at 100°C; the remaining boundary at 0°C. Although the geometry is simple, the heat flux at points A and D is expected to be singular. Conductivity of the medium is set to unity; AB = 2 m, BC = 1 m. Figure 16 shows the mesh employed for the solution of this problem using the Singular and Regular IBEM'S. Figure 17 shows the variation of flux along AB for the two methods along with the Fourier series solution." Table I 
Temperature field in a homogeneous pump casing
This is an axisymmetric steady state thermal problem for which the boundary conditions are shown in Figure 18 . Figure 19 Table I1 compares the computational effort involved in the RIBEM and FEM analyses. Clearly, the Regular Indirect Method was better than the FEM in input data processing and solution times. It is worth noting that considerable effort was involved in arriving at the FE mesh The dimensions of the system matrix, when a conventional subregioning technique is employed in the Indirect Method, are given by
where Ni is the total number of degrees of freedom for subregion 'i' and n is the number of subregions. For the pump casing problem this would give a (293 x 293) matrix. But in the present formulation the maximum size of a matrix to be inverted was (72 x 72). Hence, the ability of the conventional method to compete with the present one depends almost entirely on the kind of reduction scheme available to take advantage of the block banded matrix of the former.
In the Regular Method, subregioning avoids the problem of accumulation of source nodes in concave sections of the problem geometry. Take the case of section GHIJK of the boundary, as A new subregioning scheme has been formulated which eliminates the need for a sophisticated reduction scheme, implying reduction in computing overhead and saving in inversion time.
In the conventional (singular) form of the IBEM the source density 4, which appears in the integral equations of the method, is distributed on the actual physical boundary of the problem. This approach has two distinct disadvantages. Firstly, it requires the accurate evaluation of certain singular integrals, which adds to the computational overhead. Secondly, and more importantly, iri problems with geometric discontinuities, the source density 4 becomes infinite at some of these locations. This gives rise to difficulties in modelling these regions, subsequently leading to errors. A regular variant of the IBEM has, therefore, been adopted whereby the surface of the source distribution is taken outside the physical domain of the problem. This approach overcomes the difficulties faced by the Singular IBEM and gives solutions the quality of which is maintained right up to the geometrical corners.
